Конформные отображения, не принимающие некоторых значений by Граф, С.Ю. & Эйланголи, О.Р.
^	] 
	

	
 D;< DA
		 
h	 
	 ^	
 n 	\ 	
	]
$X   lS5@* 
7 **0 &%
 	 
 	   	 0
 *5 *5 7*5 )4 0
  ),#  -*HI5 %5 %0# -&0 '
-%5  0&/5 &5 K77' 
xT TeS l\Z[^[SU Wl TeS FWXlW_Z\^ Z\cc[X`U Wl TeS OX[T Y[Ur [XTW [TUS^l WZ[T8
T[X` UWZS n\^OSU \X SUT[Z\TSU Wl TeS Z[XW_ mSQ^W_[\X FWSF[SXTU \XY YS_[8
n\T[nSU \_S WkT\[XSY 
&'( )* 7* )4,# 0 78
* )4,# -)&* .4# *& ,%5 )&#
**%', 
+,-./012 FWXlW_Z\^ Z\cc[X`U# kWOXYSY FWXlW_Z\^ Z\cc[X`U# _PQPU
c_Wk^SZ# ZWYO^SU Wl YWOk^Q8FWXXSFTSY YWZ\[XU# UQZZST_[P\T[WX 
45
7*&,  - 0 '  ( $))5* -%
) ' &5 K77' &5 7*5 )4
0   *-&H -&/  * f(0) = 0, f ′(0) = 1
-&  * %H *   *0  7'
*-& -*  -  %&/ -% $))5 %8
&  -&,  7'   -)&*#  % 8
5 H, .*  0# *,  -. %&/
(  $4*  ;GBA  -% $))5# &0, %0 &, 08
5 7*5 )4  5 - -&/H  . 
4 *H,  &0 %0 *0 
7'  & &5 7*5 )4   ),#  -8
*HI5 75 %0 % 0  
%&/ 5
%&/ -H,  * K*&/5 &# **%'# *#
%   &85 * 7*5 )4# 
4  % '  &5 &5 7' 
;?<
;?B    !	 
3 )5*5( $e[%""(
** * F(a) 7*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 f 0  Δ =
{z : |z| < 1}  ),# &,HI5 &,* f(0) = 0, f ′(0) > 0, f(z) =
a,  a L -%&/ 7 0&# # 0 0 < |a| < 1. &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  -&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8* 5*#
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)4 f ∈ F(a), &, 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7' ϕ, &, 5 0 < |ϕ(z)| ≤ 1 - &H)* z ∈ Δ.
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 ,%  %* !* # -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0  Δ   ΔM =
{z : |z| < M}, M ≥ 1, *5 &,*@ F (0) = 0, F ′(0) = 1. 
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&/# & f ∈ F(a), # 0# F (z) = f(z)/f ′(0) ∈ SM &, M ≥ 1/f ′(0).
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f ′(0) ≤ 4|a|
(1 + |a|)2 . (1)
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fa(z) = ei arg af|a|(e−i arg az). (2)
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4,, ' f ′(0)  & F(a) &/@ f ′(0) > 0. 98
' Fa(z) = fa(z)
(1+|a|)2
4|a| -&4 &* SM , M =
(1+|a|)2
4|a| ,  % 
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M(D) =
1
λ(Γ)
,
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 	  
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, & * 5 Γ, %&,HI5 0
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 )& D.  0 *&/ '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K(r,R)  * r  R, 0 < r < R <∞, 
M(K(r,R)) =
1
2π
^X
R
r
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 D2 # 0 D1 ⊂ D2,  M(D1) ≤M(D2).
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E∗ =
⋃
0≤r<∞
γr,
 γr = {z : |z| = r, | arg z| ≤ μ(Er)/2}. +/ μ(Er) L &, * () -8
0, *4 E  4/H {z : |z| = r}. 3# 0 - **%'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/ D L ,%, )&/# G1, G2 L *- ,% -&,
 D, -0* G1 L 0, *- -&,  0 ∈ G1. & D∗ =
C\(G∗1 ∪ G∗2) -&, ) ,%H )&/#  %* D∗ 
**%' )& D.  5 **%',5 *& ,%5
)& 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H !* # 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M(D) ≤M(D∗),
-0*  %*4 &/  * &0#  D  D∗ -H  08
/H  I,  0&  
*;e"%)"* "*$:( 3 / 7', f(z) -&4
& F(a), D = f(Δ). ** 0& ε > 0 &/ *&# 0  {w :
|w| ≤ ε} &4  )& D. -&* ,%H )&/ Dε = D\{w : |w| ≤ ε}.
/ Δε = f−1(Dε).  & *# &45  )4 f, )&/
Δε F 0/H  )0 *&5 -, o(ε) -  * &/8
'* {z : ε/f ′(0) < |z| < 1}.  #  & 7*  *&
,%5 )&# **
M(Dε) = M(Δε) =
1
2π
^X
f ′(0)
ε
+ o(1).
+**# 0 )&/ Dε  4 0 a.   ,%, )&/ D
∗
ε ,
-&0, % Dε  ***%'# &4  &/' {w : ε < |w| < 1},
**0 &/ &/    4 % [|a|, 1]. 8
*,  * - .  *&  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5
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M(Dε) ≤M(D∗ε).
;A=    !	 
 H 0/# )&/ D∗ε 4,  D
a
ε L &/' {w : ε < |w| < 1} 
%%* - % [|a|, 1] &/  &&/#
M(D∗ε) ≤M(Daε ).
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/H  )0 *&5 -, o(ε) 8
-  )%* &/' {z : ε/f ′|a|(0) < |z| < 1} - 7** )4
f|a|(z)  !?" K*
M(Daε ) =
1
2π
^X
f ′|a|(0)
ε
+ o(1).
  -5*  
1
2π
^X
f ′(0)
ε
+ o(1) ≤ 1
2π
^X
f ′|a|(0)
ε
+ o(1),
%  -& -&/ -5 - ε→ 0 & '
f ′(0) ≤ f ′|a|(0).
, %*/# 0 f ′|a|(0) =
4|a|
(1+|a|)2 ,  )4 fa(z) =
ei arg af|a|(e−i arg az) -&4 & F(a), -0* f ′a(0) = f ′|a|(0).
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* * # 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*/ *
  5 -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5 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5 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 &/  &0# 
Dε = D∗ε  0/H  I,  0& #  D
∗
ε = D
a
ε ,   
f(Δ) = Da = Δ\{z : |z| ≥ |a|, arg z = arg a}.  &  7*
)4, Δ  Da  ** f(0) = 0, f ′(0) > 0 %&H0*# 0 f = fa.
 * % 
,%/ & F(a)  &* 05 7*5 )4 SM
 -  * ; -%&,H -&0/ '  &
K77' 7' % F(a).
*$: 6  +/. ,&' f ∈ F(a), f(z) = a1z + a2z2 + ...,  
" ' A,,' a2.
<= V |a| ≤ 3− 2√2, 
|a2| ≤ 8|a| (|a| − 1)
2
(|a|+ 1)4 .
B= V 3− 2√2 < |a| < 1, 
|a2| ≤ 12 .
# )+  ,&' /@+ &) Δ  &)  6
	 

  "  &" <= Y 	  ,&'  ;B=
*;e"%)"* / 7', f ∈ F(a).  #  *0&/ .#
F (z) = f(z)/f ′(0) ∈ SM &, M = 1/f ′(0).  % !* # -*# tCu"
 	  
		"	  ;A;
 &5 SM -& 0, '  & K77'@
|F ′′(0)/2| ≤ 2(1− 1/M), -0*  , &/  7',5  
&&/# &, f ∈ F(a)
|a2|
f ′(0)
=
|f ′′(0)|
2f ′(0)
=
|F ′′(0)|
2
≤ 2(1− f ′(0)),
  
|a2| ≤ 2f ′(0)
(
1− f ′(0)).
 & ' !;" **@ f ′(0) ≤ 4|a|/(1 + |a|)2.    2t(1−t) ≤ 1/2
&, &H) t ∈ [0, 1]   , - t = 1/2.  * )%*# &
4|a|/(1 + |a|)2 ≤ 1/2 !  |a| ≤ 3− 2√2"# 
|a2| ≤ 2 4|a|(1 + |a|)2
(
1− 4|a|
(1 + |a|)2
)
= 8|a| (|a| − 1)
2
(|a|+ 1)4
  ,  &/ 7',5  !C" 
& 4 4|a|/(1 + |a|)2 > 1/2, 
|a2| ≤ 12 ,
  ,  7',5# )4HI5 Δ    &/*
%%*  0 (3− 2√2)ei arg a  ei arg a.  * % 
1# -&/%* - -&0 '  &85 *8
5 &*75 7' !* tDu"# -%&,H %/ &HIH * 
*$: 9  +/. ,&' f ∈ F(a)   +/) z ∈ Δ  
" '
|f ′(z)| ≤ 4|a|
(1 + |a|)2 ·
1− |f(z)|2
1− |z|2 ·
|1− f(z)/a| |1− af(z)|
|1− e−i arg af(z)|2 . (4)
# )  ,&'  ;B=
+**# 0 - z = 0 ' !A" -)  !;"#  - |a| → 1 %
!A" & &** '   7*# , *4 )/ #
-*#  tEu 
*;e"%)"* / 7', f ∈ F(a)  z ∈ Δ L 7 0& 
** 7* *7%* 0 
ϕ(ζ) =
ζ + z
1 + zζ
 ψ(w) = eiα
w − f(z)
1− f(z)w, (5)
&, 5
ϕ′(ζ) =
1− |ζ|2
(1 + zζ)2
 ψ′(w) = eiα
1− |f(z)|2
(1− f(z)w)2 .
* α -)* * )%*# 0) *-%', f˜(ζ) = ψ ◦ f ◦ ϕ(ζ)
-&4& * & F(a˜),  a˜ = eiα a−f(z)
1−f(z)a . 
&, K )5*#
;AC    !	 
0) 0& f˜ ′(0) = ϕ′(0) · f ′(z) · ψ′(f(z)) = eiαf ′(z) 1−|z|21−|f(z)|2 )& -&4&/ 
i # & α = − arg f ′(z).
% * ; &# 0
f˜ ′(0) ≤ 4|a˜|
(1 + |a˜|)2 ,   
eiαf ′(z) ≤ 4 |a− f(z)||1− af(z)| ·
1− |f(z)|2
1− |z|2 ·
(
|1− af(z)|
|1− af(z)|+ |a− f(z)|
)2
.
)%* %*&/ -& % )@
|1− af(z)|+ |a− f(z)| = |1− af(z)|+ |a− f(z)| =
=
∣∣1− |a|e−i arg af(z)∣∣+ ∣∣|a| − e−i arg af(z)∣∣ ≥ (1 + |a|)|1− e−i arg af(z)|.
 * )%*
|f ′(z)| ≤ 4
(1 + |a|)2
1− |f(z)|2
1− |z|2 ·
|a− f(z)| · |1− af(z)|
|1− e−i arg af(z)|2 ,
0 % -&/ )* ' !A"  * % 

&/. -* 5# -&/% - %&/ 8
* ?# *  * % * C -%&, -&0/ 
' &, |f ′(z)|.
*$: R  +/. ,&' f ∈ F(a)   +/) z ∈ Δ, arg z = ϕ,
  '
f ′(0)−
∫ |z|
0
Af (r) dr
1− r2 ≤
1− |z|2
1− |f(z)|2 · |f
′(z)| ≤ f ′(0) +
∫ |z|
0
Af (r) dr
1− r2 , (6)
)
Af (r) =
8|a|
(1 + |a|)2 ·
∣∣1− f(reiϕ)/a∣∣ ∣∣1− af(reiϕ)∣∣
|1− e−i arg af(reiϕ)|2 ×
×
( |a− f(reiϕ)| − |1− af(reiϕ)|
|a− f(reiϕ)|+ |1− af(reiϕ)|
)2
,

∣∣∣ a−f(reiϕ)1−af(reiϕ) ∣∣∣ ≤ 3− 2√2,  Af (r) = 12    &"
0# 0 4,, '  !E" I &/ - 5 |z|, &, 8
5 f ′(0) >
∫ |z|
0
Af (r) dr
1−r2 .
*;e"%)"* / 7', f ∈ F(a)  z ∈ Δ L 7 0& 
  - %&/ * ? ** 7* *7%* ϕ(ζ)
 ψ(w) 0   !D"#  α   -4 -)* * )%*#
0) 7', f˜(ζ) = ψ ◦ f ◦ ϕ(ζ) -&4& * & F(a˜), 
 	  
		"	  ;A?
a˜ = eiα a−f(z)
1−f(z)a .   -* 0&,* &,# 0∣∣∣∣∣ f˜ ′′(0)2
∣∣∣∣∣ = |f ′(z)| 1− |z|21− |f(z)|2
∣∣∣∣∣(1− |z|2)
(
f(z)f ′(z)
1− |f(z)|2 +
1
2
f ′′(z)
f ′(z)
)
− z
∣∣∣∣∣=
= |f ′(z)| 1− |z|
2
1− |f(z)|2
∣∣∣∣(1− |z|2) ∂∂z ^X |f ′(z)|1− |f(z)|2 + ∂∂z (1− |z|2)
∣∣∣∣ =
= (1− |z|2)
∣∣∣∣ ∂∂z
(
(1 − |z|2) |f
′(z)|
1− |f(z)|2
)∣∣∣∣ .
/ z = reiϕ. 
&, &H) &/%0 7' F (z) -&,,

∂
∂z
F (z) = e−iϕ
1
2
∂
∂r
F (reiϕ)− i 1
2
e−iϕ
r
∂
∂ϕ
F (reiϕ).
  ∣∣∣∣∣ f˜ ′′(0)2
∣∣∣∣∣ = 1− r22
∣∣∣∣ ∂∂r
(
|f ′(reiϕ)| 1− r
2
1− |f(reiϕ)|2
)
−
− i
r
∂
∂ϕ
(
|f ′(reiϕ)| 1− r
2
1− |f(reiϕ)|2
)∣∣∣∣ .
    & * C **∣∣∣∣∣ f˜ ′′(0)2
∣∣∣∣∣ ≤ 8|a˜| (|a˜| − 1)2(|a˜|+ 1)4 ,
& |a˜| =
∣∣∣ a−f(z)
1−f(z)a
∣∣∣ ≤ 3 − 2√2,  ∣∣∣ f˜ ′′(0)2 ∣∣∣ ≤ 12  -* &0 -8
* 0&,* &,# 0∣∣∣∣∣ f˜ ′′(0)2
∣∣∣∣∣ ≤ Af (r),
 Af (r) * # %  7*& * 
 * )%*∣∣∣∣ ∂∂r
(
|f ′(reiϕ)| 1− r
2
1− |f(reiϕ)|2
)
− i
r
∂
∂ϕ
(
|f ′(reiϕ)| 1− r
2
1− |f(reiϕ)|2
)∣∣∣∣ ≤ 2Af (r)1− r2 .
 , 4 '# 0# -&  &, &/ 0 4, -
%* *&,#   
−2Af(r)
1− r2 ≤
∂
∂r
(
|f ′(reiϕ)| 1− r
2
1− |f(reiϕ)|2
)
≤ 2Af (r)
1− r2 .
, -&   - % [0, |z|],  0* #
0 f(0) = 0, -5*  )** '* !E"  * % 
;AA    !	 
6 _*_d5#
* . %0 * )/ ))I  &
F(a1, a2, ..., an) 7*5 )4 f 0  Δ  ),# *8
5 &,* f(0) = 0, f ′(0) > 0,   -*HI5 %0 a1, a2, ..., an,
 ak, k = 1, n, L -- %&0 *-& 0&# 0 < |ak| < 1, k = 1, n.
 * *& ,%5 )& -%&, %/ &8
HIH * 
*$: W V /@ f0 ∈ F(a1, a2, ..., an)  " f ′0(0) ≥ f ′(0)
  f ∈ F(a1, a2, ..., an),  f0 /@ Δ  /	
D0 = Δ\
n⋃
k=1
γk,
) γk, k = 1, n, Y &) @  + "&+ &@	
 " ak, k = 1, n.
)I ,#  γk  ),% )/ -- %hH*#   %)8
H Δ  -)&   -5, 0% 0&  
*;e"%)"* +**# 0 I )4, f0 ∈ F(a1, a2, ...,
an), &,HI *** 7'& f ′(0), & % *-  8
-& &&/8* 5*   Δ -& Fc(a1, a2, ..., an)
& F(a1, a2, ..., an), ,I5 % 7' f, &, 5 f ′(0) ≥ c,  c > 0
L 0 *& 7 0&#  % - 7'& f ′(0).
/ f0 ∈ F(a1, a2, ..., an) # 0 f ′0(0) ≥ f ′(0) &, 5 f ∈ F(a1, a2, ..., an).
  - %&/ * ; ** 0 *& 0& ε > 0,
# 0  {w : |w| ≤ ε} 4,  )& D0 = f0(Δ). / D0ε =
D0\{w : |w| ≤ ε}.    & 7*  *&, ,%
)&  *# &45  f0,
M(D0ε) =
1
2π
^X
f ′0(0)
ε
+ o(1).
0& -4*# 0 )&/ D0  * .5 0   Δ. 
8
&/# & )  . 0 I&#   Δ .&/ ) 8
,%, )&/ D˜,  4I, 0 a1, a2, ..., an, ,# 0 D
0 ⊂ D˜. 8
H  & * *& ,%5 )& && )# 0 &,
D˜ε = D˜\{w : |w| ≤ ε}
M(D0ε) < M(D˜ε) =
1
2π
^X
f˜ ′(0)
ε
+ o(1),
 f˜ ∈ F(a1, a2, ..., an),  )4 Δ  D˜. &&/#
f ′0(0) < f˜
′(0),
0 -0 K*&/ )4, f0.
 * )%*# ,%, )&/ D0 -&, ) 0 
 %%* - * 5 γk, k = 1,m, -5,I5 0% 0 ak, k =
 	  
		"	  ;AD
1, n. 	)*,# 0 * %% *4 )/ -  -*I/H 5 γk,
)&HI5 *# %*  7*& * 

&/# & ) 8&) % %% %*4 )& / !%
0 # 0   0,    % 0 ak" * )%*# 0)
-&0HI,, - K* )&/ D˜ &/ ,%   4& 0
a1, a2, ..., an,  K -& )  &H0H D
0 ⊂ D˜, -0* D˜ \D0 = ∅.  #
  .# -&/%, */ *& ,%5 )&# * -&0&
)  M(D0ε) < M(D˜ε), # &&/# f
′
0(0) < f˜
′(0) &, f˜ , )48
HI Δ  D˜.
# * %%  0* # HI5 K*&/
)& D0 = f0(Δ), # 0 4 %% %0,  8&) % 8
0 a1, a2, ..., an,   * &#  -5,I5 0% K 0 
-,/# 0 H * %% *4 -/  -*I/H n 45 8
5# 0HI5,  05 ak, k = 1, n, # %*4# 00 -HI5 
 * % 
+**# 0 ,H 7'H f ∈ F(a1, a2, ..., an) *4 -/  
*-%'
f = Φ1 ◦ Φ2 ◦ ... ◦Φn, (7)
 7* )4, Φk, r|1, n, -&4 * &* F(a˜k),
k = 1, n, *# 0@
a˜1 = a1,  Φ1 ∈ F(a1),
a˜k = (Φ1 ◦ Φ2 ◦ ... ◦ Φk−1)−1 (ak), k = 2, n,
  ) 0 )4, Φk &,   &HI 0 ak+1.
 K*
f ′(0) = Φ′1(0) ·Φ′2(0) · ... · Φ′n(0),
  & * ; Φ′k(0) ≤ 4|a˜k|(1+|a˜k|)2 , k = 1, n. 0# 0# & f0 ∈ F(a1, a2,
..., an) &, *** 7'& f ′(0),  &, -& % *48
& &4 */ * 
Φ′n(0) =
4|a˜n|
(1 + |a˜n|)2 .
 0* * D H %&H0*# 0 K*&/ )4 f0
*4 )/ -&   *-%' !<"#  4, 7', Φk, k =
1, n− 1, )4 Δ    * %%* !),%&/ &/8
*"#  -& % Φn *-%' !<" -&, ) 7* )8
4 Δ    &/* %%*  0
a˜n = (Φ1 ◦ Φ2 ◦ ... ◦ Φn−1)−1 (an).
;AE    !	 
;&'5
 * )%*# 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